In this paper an initial-boundary value problem for fractional in time diffusion-wave equation is considered. A priori estimates in Sobolev spaces are derived. A fully discrete difference scheme approximating the problem is proposed and its stability and convergence are investigated. A numerical example demonstrates the theoretical results.
Introduction
Fractional partial differential equations have attracted considerable attetion in recent years due to their various applications in many fields of science and engineering [5, 9, 10] . In many cases fractional-order models are more adequate than integer-order models, because fractional derivatives and integrals enable the description of the memory properties of various materials and processes. The analytical solutions of most fractional differential equations cannot be obtained, and as consequence, approximate and numerical techniques are playing important role in identifying the solutions behavior of such fractional equations.
This article is concerned with a numerical solution of a fractional in time diffusion-wave equation subjected to homogeneous field. Fractional in time diffusion-wave equation is obtained from the classical diffusion equation, by replacing first-order time derivative by fractional derivative of order α ∈ (1, 2). It has been investigated by many authors. For example, Schneider and Wyss [14] considered time fractional diffusion-wave equation. Mainardy [8] solved a fractional diffusion-wave equation using the Laplace transform in a one-dimensional bounded domain. Fujita [3] discussed an integrodifferential equation which interpolates the heat equation and the wave equation in an unbounded domain. A number of numerical techniques were developed and their stability and convergence were investigated. For example, Tadjeran [16] present a second-order approximation for the fractional diffusion equation with RiemmanLiouville derivative in spatial direction based on Crank-Nicolson method. Sun and Wu [15] derived a fully discrete difference scheme for the time fractional diffusion-wave equation. They have proved convergence order O(τ 3−α + h 2 ) for solutions u ∈ C 4,3 (Q). In this article, we consider an initial-boundary value problem for fractional in time diffusion-wave equation. Its well posedness in the corresponding Sobolev spaces is proved. We prove that the proposed finite difference scheme is unconditionally stable in L 2 norm and that the order of convergence is same as in [15] for even less smooth solutions.
Fractional Derivatives and Fractional Derivative Spaces
Let u be defined on the interval I = (0, T) and α > 0. Then the left and right fractional integral of order α is defined to be, respectively, (see [10, 11] )
The left and right Riemman-Liouville fractional derivative of order α are defined as
respectively, where n − 1 ≤ α < n, n ∈ N. The left Riemann-Liouville fractional derivative of order α acts as a left inverse of the left fractional integral of order α:
where n − 1 ≤ α < n. Riemann-Liouville fractional derivatives satisfies semigroup property:
u under assumptions that u has sufficient number of continuous derivatives and [10] ) .
The Caputo definitions of fractional derivatives one obtains by commuting
The left Caputo fractional derivative of order α acts as a left inverse of the left fractional integral of order α:
By a direct calculation, one can obtain the following a relation between Riemann-Liouville and Caputo fractional derivatives
Thus, for the zero initial conditions Riemann-Liouville and Caputo fractional derivatives coincide. As usual, we denote by C k (0, T) and C k [0, T] the space of k-fold differentiable functions. By C ∞ 0 (0, T) we denote the space of infinitely differentiable functions with compact support in (0, T). The inner product and norm in the space of measurable functions whose square is integrable in (0, T), denoted by L 2 (0, T), are defined by
We also use H α (0, T) and H α 0 (0, T) to denote the usual Sobolev spaces [? ], whose norms are denoted by u H α (0,T) .
For α > 0 let us define semi-norms
and norms
We then define the spaces H 
, n ∈ N we define semi-norm and norm For the functions of many variables partial derivatives of fractional order are defined in analogous manner, for example:
where n − 1 ≤ α < n, m − 1 ≤ β < m and n, m ∈ N. For α, β ≥ 0 and Q = (0, 1) × (0, T), we introduce anisotropic Sobolev type spaces:
and
Notice that for 0 ≤ β < 1/2: H α,β 
Diffusion-Wave Equation
Let Ω = (0, 1) and I = (0, T) be the space and time domain respectively and Q = Ω × I. We consider the following diffusion-wave equation for 1 < α < 2:
subject to the following boundary and initial conditions:
Theorem 3.1. Let α ∈ (1, 2) and f ∈ L 2 (Q) . Then the solution of initial-boundary value problem (1)-(3) satisfies a priori estimate
Proof. Let β = α − 1. Taking the L 2 (Ω) inner product of (1) with 2∂
u and using property ∂
Integrating last inequality between 0 and t and using Lemmas 2.1, 2.2 and estimating the right-hand side by Cauchy-Schwarz inequality we obtain
where Q t = (0, 1) × (0, t). Ommiting the second positive term on the left-hand side we obtain
Similarly, omitting the first positive term on the left-hand side of inequality (5), taking t = T and using (6) we obtain
The result (4) follows from (6) and (7).
Theorem 3.2. Let α ∈ (1, 2) and f ∈ L 2 (Q). Then the solution of initial-boundary value problem (1)-(3) satisfies a priori estimate
Proof. Let β = α − 1. Taking the inner product of (1) with 2 ∂u ∂t , using property ∂
∂u ∂t and estimating the right-hand side by Cauchy-Schwarz inequality we obtain
Integrating last inequality between 0 and t and using Lemmas 2.1, 2.2 2 cos πβ
where
.
where C = (2ε) −1/2 . Similarly, omitting the second positive term on the left-hand side of inequality (9) and taking t = T, we obtain 2 cos πβ
where C = 2ε cos
. The result (8) follows from (10) and (11).
Let us also consider equation
subject to the boundary and initial conditions defined by (2) and (3). Using Cauchy-Schwarz inequality and Lemmas 2.1-2.3 one obtains the following results Theorem 3.3. Let α ∈ (1, 2) and ∈ L 2 (Q). Then the solution of initial-boundary value problem (12), (2), (3) satisfies a priori estimate
Finite Differences
Letω h = {x i = ih|i = 0, 1 . . . , N} be a uniform mesh in [0, 1] with the step-size h = 1/N, N > 1. We denote ω h :=ω h ∩ (0, 1), ω − h := ω h ∪ {0}. Also, we define a uniform meshω τ = {t j = jτ|j = 0, 1, . . . M} in [0, T] with the step size τ = T/M, M > 1 and set ω τ :=ω τ ∩ (0, T), ω + τ = ω τ ∪ {T}. We will consider a grid function v defined onω h ×ω τ . We introduce the following notations [13] 
we approximate by [15] 
We define the Steklov averaging operators [4, 12] as follows
Notice that these operators commute and maps the derivatives of sufficiently smooth function u into finite differences, for example
We approximate the fractional derivative of order 1 < α < 2 in the following manner [15] 
Using the initial condition (3) and substituting α = β + 1 we obtain
Let us define discrete inner products and associated norms
Finite Difference Scheme
The initial-boundary problem (1)- (3) we approximate with the following finite difference scheme
where 
Lemma 5.2. The finite difference scheme (15)- (17) is absolutely stable and its solution satisfies a priori estimate:
Proof. Taking the inner product of (15) with 2A −1 h vt and using Cauchy-Schwarz inequality we obtain
Summing for j = 1, 2, . . . , k, 1 ≤ k ≤ M, using (18) and taking ε = ε k = (kτ) β Γ(1 − β)/2 we obtain
Omitting the positive sum on the left side and summing again for k = 1, 2, . . . , M we obtain a priori estimate
Omitting the positive term on the left side and taking ε = T β Γ(1 − β)/2 we obtain a priori estimate (24) with 
Proof. Results follow directly from Lemmas 5.2, 6.1 and inequality v
Lemma 6.3. [15] Suppose that v ∈ C 2 [0, t], t ∈ ω τ and 0 < β < 1. Then
Then the solution v of finite difference scheme (15)-(17) converges to the solution u of initial-boundary-value problem (1)-(3) and the following convergence rate estimates holds:
Proof. In order to estimate the rate of convergence of the difference scheme (15)- (17), it is sufficiently to estimate the right hand sides of the inequality (25) decomposed in the following manner
Using (13) we directly obtain the following integral representations:
Summing over the the nodes of the mesh ω
Using Lemma 6.3 we obtain
The result (26) follows from (27),(28) and (29).
Numerical Example
To check the stability and convergence properties of the numerical method we solved the problem (1)-(3) for
The exact solution of the above problem is u(x, t) = sin(πx)t 5/2 . Table 1 lists the computational results with different time step sizes τ when space step size is fixed as h = 2 −13 . From the table, we can draw the conclusion that the order of convergence in time direction is 3 − α. Table 2 gives numerical results for small and fixed τ = 2 −14 with different h. The reason why we have used a very small step size τ is to make sure that the dominated error is from space discretization. From the table, we can see that the order of convergence in space direction is 2.
z L 2 (Q hτ/2 ) 1.9 2
−5
2.6306e − 3 1.04 1.7 2 
z L 2 (Q h/2τ ) 1.2386e − 5 no data Table 2 : The experimental error results and convergence order in space direction (the last column) with τ = 2 −14
